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Investigating space plasma turbulence from single-point measurements is known to be characterized
by unavoidable ambiguities in disentangling temporal and spatial variations. Solving this problem has
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Cluster been one of the major goals of the Cluster mission. For that purpose multipoint measurements

Turbulence techniques, such as the k-filtering, have been developed. Such techniques combine several time series

Cross-Scale recorded simultaneously at different points in space to estimate the corresponding energy density in

k-Filtering the wavenumber space. Here we apply the technique to both simulated and Cluster magnetometer data

;C}IH_T WtiPd in the solar wind (SW) and investigate the errors and limitations that arise due to the separation of the
1ssipation

spacecraft and the quality of the tetrahedral configuration. Specifically, we provide an estimation of the
minimum and maximum scales that can be accurately measured given a specific distance between
the satellites and show the importance of the geometry of the tetrahedron and the relationship of that
geometry to spatial aliasing. We also present recent results on characterizing small scale SW turbulence
and provide scientific arguments supporting the need of new magnetometers having better sensitivity
than the existing ones. Throughout the paper we emphasize technical challenges and their solutions

that can be considered for a better preparation of the Cross-Scale mission.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Since its launch in 2000, the Cluster mission (Escoubet, 1997)
has led to significant achievements in understanding space
plasma turbulence, in particular in revealing new 3-D properties
of turbulence using multipoint measurement techniques such as
k-filtering (Glassmeier et al., 2001; Sahraoui et al., 2003, 2004;
Constantinescu et al., 2006; Narita et al., 2006). The k-filtering
method combines several time series recorded simultaneously at
different points in space to estimate in Fourier space the
four-dimensional (4-D) function P(w,K) (Pincon and Lefeuvre,
1988, 1991, 1992; Neubauer and Glassmeier, 1990). The method
requires the time series to be sufficiently time stationary and
spatially homogeneous. We emphasize that the k-filtering does
not assume any physics about the data under study, such as an
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existing linear dispersion relation or the weak (or strong) nature
of nonlinearities at work. In this sense it is the most general
existing method applicable to space turbulence. The method
allows one to include additional theoretical constraints, such as
the divergence-free equation V - 6B = 0 for magnetic field fluctua-
tions. The quantity P(w,K) has been used to obtain 3-D experi-
mental dispersion relations of low frequency plasma modes from
the magnetic field data in the magnetosheath (Glassmeier et al.,
2001; Sahraoui et al., 2003, 2004) and in the cusp region (Grison
et al,, 2005). It has also been applied to both electric and magnetic
field data for the same purpose (Tjulin et al., 2005). For turbulence
studies, Sahraoui et al. (2006) have used k-filtering to compute
the first 3-D wavenumber spectrum of low frequency magne-
tosheath turbulence P(k) by integrating over the angular
frequencies: P(k) = [ P(w,k)dw.

In this paper we apply the technique to both simulated and
Cluster magnetometer data in the solar wind to investigate some
technical problems such as the accuracy of the wavenumber
estimation and spatial aliasing. In Section 2 we discuss how the
wavenumber space is defined given an average spacecraft
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separation. Based on uncertainty estimations of the wavenumber
we provide an estimate of the separation required for the
Cross-Scales satellites to ensure full coverage of three different
ranges of scales. In Section 3 we will show the importance of the
tetrahedron shape of the Cluster spacecraft and its dramatic
impact on the accuracy of the wavenumber estimation. In Section
4 we show recent results on small scale solar turbulence and
emphasize limitations imposed by the sensitivity of the existing
instruments. We provide scientific arguments justifying the need
to develop new magnetometers with improved sensitivity and
suggest that these new requirements be considered in preparing
the Cross-Scale mission.

2. Appropriate separations for the Cross-Scale satellites:
k-filtering analysis

Based on analogy with temporal Fourier transform, the
k-filtering technique assumes that, if d is the average separation
between the spacecraft, then all the wavelengths present
within the data belong to [—kmax, Kmax], where kmax =m/d. If
wavelengths smaller than 2d exist in the data and propagate
undamped past the satellites, aliasing will occur and consequently
spurious energy peaks will appear in the wavenumber domain
[ —Kkmax» kmax] (Pincon and Motschmann, 1998; Sahraoui et al.,
2003). Technically there is no direct way to filter wavenumbers
larger than kma.x (in temporal Fourier analyzes an anti-aliasing
filter is implemented into the experiment). Fortunately, since the
measured frequency is generally an increasing function of the
wavenumber (either when a dispersion relation exists or the
Taylor assumption is valid), one can show that this problem can
be avoided—or limited—by restricting the investigated frequen-
cies to some range [—Wmax, Wmax]- To define these limit, consider a
medium with a flow speed Vf and a maximum phase speed of
waves V, . This implies that all the existing waves have
propagation velocities Vi in the spacecraft frame that belong to
arange Vi—Vy <V <Vi4Vy . Therefore, provided that |79%
had been accurately estimated, to avoid spatial aliasing one must
limit the investigated frequencies (in the spacecraft reference
frame) to Wmax = kmaX(Vf_Vli’max)'

Now what is the smallest k-vector kn, (or equivalently,
the largest scale) that can be measured accurately given the
separation d? The answer to this question is linked to the
definition of the highest possible resolution ok of the k-space to
consider. One possible solution would be to infer Jk from
ok~ éw/Vy, where dw =2n/T is the resolution of the temporal
spectra calculated over the time interval T. However, this
estimation suffers from the weakness that it is independent of
the spacecraft separation d. And yet one would expect that, given
a separation d, the scale L ~ d, for instance, will be resolved with a
better accuracy than L ~ 10d or L ~ 100d (as we will show below).
The estimation of the largest scale can thus be determined only
empirically through uncertainty estimation of the k-vectors.

We performed a set of numerical simulations to quantify those
uncertainties by generating a set of monochromatic waves
exp~i@ot+kT) where wy is fixed and the wave vectors k; range
from 0.01kax to kimax. Then we applied the k-filtering technique
to detect such waves and measure their wave vectors Kpes.
The errors Ak = |ks—kmes| were then computed and found to
range from ok to 40k (where ok =0.0001rd/km is the adopted
resolution). Consequently, the actual resolution is, at best,
~0.0004 rd/km, which is four time larger than the one used.
Fig. 1 shows that the relative errors Ak;/ks remains very small for
scales of the order of the spacecraft separation d or larger up to
about a decade. But then errors increase significantly for larger
scales and reach 100% at scales ~ 100d. Therefore, one can say
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Fig. 1. Relative errors in the determination of the wave vector k; of the simulated
plane waves. ks is chosen to vary from [0.01Kmax, Kmax]- Kmax ~7/d and
Kmin = 0k =0.0001 rd/km is the chosen resolution of the k-space.

that given a separation d of the Cluster spacecraft the scales that
can be resolved within reasonable errors bars ( <10%) are, at
most, one and a half decades beyond the spacecraft separation d.
We recall that other sources of uncertainties (not considered here)
may come from the spacecraft positions, the change of the
separations and/or the shape of the Cluster tetrahedron over long
intervals of time ( ~ a few hours). This would occur for instance if
one were to investigate large-scale SW turbulence, where such
long data intervals are required.

The smallest accessible k-vector defined above yields the
smallest frequency to analyze wyiy = kmin(Vi—Vy__ ). Fig. 2 shows
estimations of the limits wmax and wy;, in two cases of SW data
with two different Cluster separations. In day 2006-02-14 (Fig. 2)
the spacecraft were separated by ~4 x 10°km and the flow
speed V; ~340km/s, whereas for day 2004-01-10 the separation
were ~2 x 10°km and the flow speed V;~540km/s. These
examples show clearly that, for a given separation, only one range
of scales can be resolved properly.

This provides a strong constraint on the spacecraft separations
needed for the Cross-Scale mission. For turbulence studies, if the
separations of the inner four satellites is set to 10 km, the medium
and outer satellites need to be separated, respectively, by less
than 500 and 10000km. We emphasize that each quartet of
satellites will resolve only one range of scales at once. If each
quartet is far away from the others then using all the twelve
satellites (in the optimal case) does not provide a better accuracy
than with four. For instance, if the outer four satellites are
separated by a distance D ~ 5000 km, considering data from an
inner satellite separated by a d ~10km from the outer quartet
will produce higher uncertainty on scales of 10000 km than if it
were computed from the outer quartet alone (Pingon and
Lefeuvre, 1992). In order for Cross-Scale to provide a better
accuracy in the wavenumber determination than the present one
available with Cluster it is necessary to have more than four
satellites at comparable separations.

3. The tetrahedral configuration of the spacecraft and the
k-spectra of the turbulence

The tetrahedron formed by the four Cluster spacecraft may
change dramatically along a given orbit. The shape of the
tetrahedron is controlled by two parameters, namely the elonga-
tion E and the planarity P. E ~ P ~ 0O reflects a regular tetrahedron,
while P~1 and E~1 reflect, respectively, a “cigar” and a
“pancake” shape (Robert et al., 1998). It is obvious that for the
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Fig. 2. Power spectra measured in the SW by FGM (< 1.5Hz) and STAFF-SC
(>1.5Hz): By (black), B, (red) and B, (green). The spacecraft separation were
4 x10*km (day 2006-02-14) and 200 km (day 2004-01-10). The vertical dotted
lines delimit the estimated range of frequencies to which the k-filtering can be
applied (see text). The vertical arrows are the ion gyrofrequency f; and the
Doppler-shifted ion inertial length f;, = V;/2n/; and ion gyroscale f,, = V;/2np;.
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

purpose of determining the 3-D properties of the turbulence, a
regular tetrahedron is desired. Unfortunately, this requirement
has often been ignored. Here we demonstrate just how misleading
the k-spectra obtained from Cluster data can be when the
geometry of the tetrahedron is inappropriate.

Consider the magnetic field spectra shown in Fig. 2. They were
recorded in the SW by the FGM and STAFF-SC magnetometers on
spacecraft 2 (Balogh et al., 2001; Cornilleau-Wehrlin et al., 2003).
Because FGM data are noisy above 2Hz (Sahraoui et al., 2009),
frequencies above > 1.5Hz are computed using the STAFF
data, which has a better sensitivity at high frequencies
(Cornilleau-Wehrlin et al., 2003). The spectra in Fig. 2 show a
similar Kolmogorov-like scaling f~°7° for f<0.4Hz, generally
referred to as the inertial range of Alfvénic turbulence. Around the
Doppler shifted ion gyroscale or inertial length (~1Hz) a break

point or a bump is observed. Below that frequency the two spectra
show, however, different physics: a “dissipation”-like scaling f~*°
for f>1Hz (day 2006-02-14) (Goldstein et al., 1994; Leamon
et al., 1998) and a second dispersive inertial range with a scaling
f~27 (day 2004-01-10) (Sahraoui et al., 2009; Kiyani et al., 2009;
Alexandrova et al., 2009). We defer further discussion of the
physics of the inertial and dissipation ranges for these time
intervals to a forthcoming paper.

Let us therefore resume our discussion on the use of the
k-filtering technique. The spacecraft separation were different in the
chosen events: d ~4 x 10°km (day 2006-02-14) and ~ 200km
(day 2004-01-10). These separations yield estimated maximum
wave vectors to analyze using the k-filtering kmax ~ 1073 rd/km
and 2 x 10~ 2rd/km. Furthermore, using the flow speeds given
above, we obtain the frequency intervals that we can analyze
accurately using the k-filtering (estimated from Section 2)
[fminfmax] ~[0.002,0.05]Hz and [0.03,1.5]Hz. These frequency
limits are shown on Fig. 2. It is important to note that these
limits cover different inertial ranges of the spectra: the classical
Kolmogorov inertial zone (day 2006-02-14) and the zone of
transition to the dispersive inertial range (day 2004-01-10). We
cannot address both ranges of scales simultaneously as explained
above. Application of the k-filtering to the frequency f=0.03 Hz
taken from the interval [fminfmax] of Fig. 2 (day 2006-02-14) yields
the k-spectra shown in Fig. 3. The maximum of the energy is
centered around the wave vector ko=(—32,—31,32)x 10~°rd/
km. The most striking aspect of Fig. 3 is the stretching of the
k-spectra in a particular direction in each plane. Is the
“anisotropy” physical? Does the high SW speed play any role in
generating this anisotropy as may be suggested by the near
alignment of the projection of the flow speed onto the planes
(kxky) and (ky.k,)? Before answering these questions, we note first
that the orientation of the energy density does not follow the blue
curve wsc = k- V¢ (or wy = 0), which is expected to govern Alfvénic
turbulence generally observed at these frequencies in the SW
(since V4 < Vf) or mirror mode turbulence in the magnetosheath
Sahraoui et al. (2003, 2006).

Indeed, applying the k-filtering to the frequency 0.12 Hz of the
spectrum of Fig. 2 (day 2004-01-10) shows that the energy is
rather well localized in k-space and lies very close to the curve
wsc =Kk - Vg, as one would expect.

To explain the source of anisotropy in Fig. 3, we consider a new
simulation using a plane wave with the same wave vector k=Kkq
and the same Cluster tetrahedron as is observed in the real data.
In this simulation we do not use any flow speed, neither do we
introduce any Doppler shift. The simulated wave propagates past
the satellites with a phase speed V, = mq/|Ko|, Where wy is the
angular frequency of the wave. The results are shown on Fig. 5. It
is remarkable to see how these simulated results reproduce the
anisotropies observed in the real data. We can now state that the
observed anisotropy in the real data is an artifact caused largely
by the shape of the Cluster tetrahedron. In Fig. 5 we have
overplotted the projection of the spacecraft positions (re-scaled to
the size of the k-cell). The projection shows that the satellites are
strongly elongated along a direction in the (XgsgZgsg) that is
perpendicular to the direction of the anisotropy. This stretching is
also present in the two other planes, although it is less
pronounced. This means that the spacecraft are far from forming
a regular tetrahedron. In fact, the shape is nearly all in the
(YeseZgse) plane and is slightly elongated in that plane, as it is
confirmed by the planarity and the elongation parameters, P~ 0.8
and E ~ 0.6. The main shortcoming of the Cluster geometry at this
time is that the direction perpendicular to the “pancake” or to the
“cigar” is under-sampled and that leads to large uncertainties in
estimating the wavenumber spectra in that direction. The
uncertainties are smaller (i.e., the energy peaks are less stretched)
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when the spatial coverage is better as in Fig. 4. This example
illustrates how misleading the k-filtering results can be when all
the conditions of its applicability are not fulfilled.

We emphasize here that this effect is different from the aliasing
effect discussed previously. It concerns the large uncertainty in the
k-vector determination due to an inadequate spatial sampling. The
aliasing effect may additionally come into play and further distort
the k-spectra. This is illustrated in Fig. 6, where a spurious peak
appears in the fundamental k-cell at exactly the same wavenumber
ko=(5,5,—9) x 10~*rd/km for both the simulated plane wave and
the real data. We note finally that adding electric field data to the
analysis may help to reduce aliasing by imposing an additional
theoretical constraint, viz., Faraday’s law, on the measured k-vectors
(Tjulin et al., 2005). But this does not fundamentally change the
problem: aliasing cannot be suppressed totally. Only satisfying all
the requirements that we have discussed above will lead to
meaningful results that are minimally affected by aliasing.

4. Small scale solar wind turbulence and the sensitivity of the
magnetometers

Besides the unique opportunity offered by Cluster to deter-
mine 3-D properties of turbulence, its high resolution wave data
has led to making significant progress in understanding small
scale turbulence in the magnetosphere and, more recently, in the
SW (Sahraoui et al., 2009; Kiyani et al., 2009; Alexandrova et al.,
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2009). Indeed, one of the hot topics that is being currently
investigated using the Cluster data is the determination of the
nature of small-scale SW turbulence (i.e., above the proton
gyrofrequency). A long standing question to answer is whether,
or more specifically, under which conditions the turbulence
dissipates at the proton scales (Leamon et al., 1998) or continues
the cascade down to electrons scales (Bale et al., 2005).
Furthermore, if a cascade down to electron scales occurs then
which plasma mode can carry such a cascade: Kinetic Alfvén
Wave (KAW) or whistler mode (Gary and Smith, 2009)? Using
STAFF-SC and burst mode data (up to ~ 100Hz) Sahraoui et al.
(2009) have shown for the first time a clear evidence that large
scale SW turbulence cascades down to the electron gyroscale
where it is dissipated via electron Landau damping. Moreover,
this was shown to be carried by KAW turbulence. Alexandrova
et al. (2009) confirmed in a few more cases the same processes of
cascade and dissipation at electrons scales (without analyzing the
KAW or whistler nature of the turbulence). Kiyani et al. (2009)
have analyzed the statistical properties of the turbulence and
found an unexpected global scale invariance of the turbulence at
sub-proton scales, which contrasts with multi-fractality usually
observed in the Kolmogorov-like inertial range.

However, those results have unveiled strong limitations
imposed by the sensitivity of the Search-Coil magnetometers

(SCM). Fig. 7 shows indeed that, in some instances (e.g., day 2007-
01-20), high frequency SW turbulence exhibits low levels of
magnetic fluctuations that are barely above the sensitivity level
of the SCM for f > 10Hz. This strongly limits the possibilities of
studying properly the turbulence at electron scales.

This can be seen more clearly on Fig. 8 which compares the
ratios of the spectra of Fig. 7 to the sensitivity floor of the SCM as
estimated from data measured in the lobes. For the sake of
simplicity, we refer to these ratios as Signal to Noise Ratios
(SNRs), although sensitivity as measured in the lobes does not
necessarily reflect the electronic noise of the instrument, which
has an even lower level. The SNR is defined as alog;o(6B?/0B%,,,),
where 0B is the measured power spectrum in the SW and Bgep;s is
the sensitivity curve of the SCM as measured in the lobes. If
one defines an interval of confidence as where SNR>5, then
one can see that this threshold is reached at frequencies
varying from 5Hz to ~100Hz, which are below the electron
gyrofrequency f.. (Fig. 8). This limitation does not allow us, for
instance, to address properly high frequency whistler turbulence.
It is important to notice that choosing data when the SNR
is high does not necessarily enable solving this problem because
higher SNR means also strong B, and consequently, higher values
of f.. (and smaller electron scales for a constant temperature).
We emphasize that this limitation applies to STAFF-SA data as
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well, as one can see in Fig. 8 where for frequencies ~ f.. we found
SNR~1.

Nevertheless, when the level of the turbulence is significantly
high (e.g., days 2006-03-19 on STAFF-SC or 2004-01-22 on STAFF-
SA) it is possible to address the physics occurring at electron spatial
scales p,, or d, if the Taylor hypothesis (known also as the frozen-in-
flow approximation w ~ K- V) is valid. This requires that all phase
speeds of the fluctuations are smaller than the flow speed Vj a
condition that can be fulfilled by the KAW turbulence (as reported
in Sahraoui et al., 2009) but not by the whistler turbulence. In this
particular case Doppler-shifting the scales p, or d, results indeed
in frequencies f,, ~ Vy/2mp, and f4, ~V;/2nd. that fall above the
threshold SNR=5 as shown on Figs. 8 and 9. Note, however, that
even in these instances, resolving unambiguously the actual scaling of
the dissipation range that forms below the electron scales is not

100 e ———
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Frequency (Hz)

100.00

o
o

Fig. 8. SNRs for the same spectra as in Fig. 7. The horizontal dotted line is the value
SNR=5 dB. Vertical arrows show typical electron scales/frequencies for the days
with the highest and lowest SNRs.

possible. The reason is that the dissipation range extends over a
short range of scales (less than a decade) before hitting the noise
floor. Whether the scaling is a power law (Sahraoui et al., 2009), an
exponential (Alexandrova et al., 2009) or a cut-off is still an open
question, that cannot be addressed unambiguously by the Cluster
data. Therefore, it is necessary for future missions to have more
sensitive magnetometers than the present ones. From Figs. 7 to 9, it
appears that improving the sensitivity by, at least, a factor 10 for the
Cross-Scale mission is necessary in order to solve the challenging
problem of dissipation at electron scales in the SW. Typically, this
would require to target a sensitivity level better than 10~ nT/+~/Hz
at 100 Hz (as compared to 4 x 107> nT/+~/Hz on Cluster). We note
finally that problems of noise related to high frequency Cluster
electric field data in the SW have been also reported in Sahraoui
et al. (2009).
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Fig. 9. SNRs of power spectra measured by the STAFF-SA instrument in the SW
(some of these data were studied in Alexandrova et al., 2009). The same
description as in Fig. 8 applies.

5. Conclusions

With the k-filtering technique as applied to both simulated and
Cluster SW data we have provided estimations of the separation
distances appropriate for the Cross-Scale satellites. Estimation of
wave number spectra of turbulence at three different scales requires
separations of 10, 500 and 5000km. For each quartet, resolving
scales larger by more than one decade above the average separation
is subject to significant uncertainties. We have shown the
importance of achieving a regular tetrahedron of the spacecraft,
otherwise distorted wave number spectra of the turbulence and
aliasing effects will occur. We have also shown from several
examples of spectra of small scale SW turbulence the necessity of
developing magnetometers with better sensitivity, typically
10~ nT/+/Hz at 100 Hz. This point is crucial for solving the problem
of the dissipation and heating of SW turbulence. Finally, it is worth
keeping in mind that at 1 AU the characteristic fields are lower than
they are in the inner heliosphere and corona. Thus, measurements at
1 AU may be better suited to studying the processes that heat the
corona than are measurements in the corona despite the higher
signal levels expected to be present in the inner heliosphere.
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